A GENERAL PETTIS INTEGRAL AND APPLICATIONS TO 
TRANSITION SEMIGROUPS 



MARKUS KUNZE 

Abstract. Motivated by applications to transition semigroups, we intro- 
duce the notion of a norming dual pair and study a Pettis-type integral on 
such pairs. In particular, we establish a sufficient condition for integrabil- 
ity. We also introduce and study a class of semigroups on such dual pairs 
which are an abstract version of transition semigroups. Using our results, 
we prove conditions ensuring that a semigroup consisting of kernel operators 
is Laplace transformable such that the Laplace transform consists of kernel 
operators again. 



1. Introduction and Summary 

The connection between Markov processes and semigroups of linear operators 
is well known. We recall that associated to a Markov process Xt, taking values 
in a state space (E, £), there are, in fact, two semigroups which are connected 
to each other by some sort of duality. The first semigroup T = (T(t)) t >o acts 
on the space Bb(E) of all bounded, measurable functions on E and is used to 
compute conditional expectations by means of 

E(f(X t+s )\X s ) = (T(t)f)(X s ) a.e. V t, s > 

for all / € Bb(E). The second semigroup T = (T(t)')t>o acts on the space 
A4(E) of all bounded complex measures on E and gives the distribution of the 
random elements Xt, i.e. 

X s ~ fjL implies X t + S ~ T(t)'fj, V t, s > . 

The semigroup on B^E), or also its restriction to some invariant subspace, is 
called the transition semigroup of the Markov process. However, these semi- 
groups are in general not strongly continuous so that the rich theory of strongly 
continuous semigroups cannot be applied. In fact, the situation is even worse, 
as the orbits of these semigroups might not be strongly measurable or even 
weakly measurable, cf. [TT] . 

In order to treat transition semigroups on spaces of bounded continuous func- 
tions, several approaches have been proposed in the literature. We mention 
the theory of weakly continuous semigroups of Cerrai [7j, the theory of bi- 
continuous semigroups of Kuhnemund [20] , see also \10\ [21] for applications 
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in the context of transition semigroups, and the theory of 7r-semigroups by 
Priola [24]. However, these approaches make additional assumptions (such 
as continuity and equicontinuity assumptions) which ensure that a Riemann 
integral can be used to compute the Laplace transform of the semigroup. 
It is not well understood under which conditions in the general situation a 
Pettis-type integral can be used to compute the Laplace transform of transi- 
tion semigroups. A first step was taken by Feller [11 j . who weakened the 
measurability requirement on a function /, taking values in a Banach space 
X, from weak measurability to measurability of (/ , y) for all y in a subspace 
Y of X* . However, he uses a Dunford integral rather than a Pettis integral, 
thus allowing integrals of X-valued functions to take values in larger spaces 
than X. Jefferies [16\ 117] studied semigroups on locally convex spaces X un- 
der minimal integrability assumptions but requiring that the Laplace integral 
yields again values in X. However, there seems to be no convenient criterion to 
check these assumptions without resorting to stronger notions of integrability. 
In |18| . where this theory is used to study transition semigroups of certain dif- 
fusion processes in M. d , the fact that these assumptions are met was deduced via 
a monotone class argument from the fact that the transition semigroups leave 
the space Co(M rf ) invariant and that the restriction of the semigroups to that 
space are strongly continuous and hence have locally Bochner integrable orbits. 
If we want to consider transition semigroups which do not leave Cq invariant 
or, else, if E is too big so that Cq(E) = {0} (consider the case where E is 
an infinite dimensional Hilbert or Banach space), this strategy does not work. 
Even though in the monotone class argument we can easily replace Cq(E) by a 
Banach space X C Bb(E) from a quite large class of Banach spaces, see Lemma 
16.11 we are still left with the problem of whether or not the Laplace transform 
of T(-)f for / € X can be computed in a reasonable way within Bt,(E) or, even 
better, within X itself. 

In this paper we study the latter problem in an abstract setting. More pre- 
cisely, given a Banach space X, we fix a subspace Y of X* which is norm-closed 
in X* and norming for X. In this situation we call (X, Y) a norming dual pair. 
In applications, we may choose X = B\,[E) and Y = Ai{E). However, if E is 
a completely regular Hausdorff space, it is also possible to replace Bb(E) with 
Cb(E), provided we also replace M.(E) with M.o(E), the space of all bounded 
Radon measures on E, see Section [2j In Section U we introduce a Pettis-type 
integral on such pairs. Here, in contrast to the usual Pettis integral on the 
Banach space X, see [22] or Section II. 3 in [9j, we replace the norm dual X* 
with Y. Naturally, properties of the dual pair (X, Y) become important for 
the theory of integration in this case. However, in comparison with the Pettis 
integral on locally convex spaces, see [14] , we may use the norm topology on 
either of the spaces X and Y. Combining techniques from functional analysis 
on Banach spaces and the theory of locally convex spaces, we prove a sufficient 
condition for Pettis integrability, see Theorem 14.31 Our main assumption in 
that theorem is the existence of a complete, consistent topology on X. On 
the norming dual pair (Cb(E), Mq(E)), the strict topology, see [3(61 [25], is a 
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consistent topology which is complete in many cases. Hence, we may apply our 
result in this situation. 

In Section [5j we study a class of semigroups on norming dual pairs. Though 
our assumptions are somewhat stronger than those of [16], they are quite nat- 
ural in the context of transition semigroups. Our main assumption is that the 
(norm-)adjoint of a semigroup T on X leaves the space Y invariant. Thus, also 
in this abstract setting, we obtain a second semigroup T' := T*|y on Y. We 
do not only address the question under which conditions such a semigroup is 
Laplace tranformable (we will say that the semigroup is integrable), but also 
give conditions under which a semigroup is uniquely determined by its Laplace 
transform. Very weak continuity assumptions on the semigroup will yield this 
uniqueness, but we will also obtain uniqueness without continuity assumptions. 
In the last section we return to our initial question. We will work on the norm- 
ing dual pair (Cb(E), A4o(E)), where E is a complete metric space. We prove 
that every semigroup which is a(Cb(E), A / (o(-E'))-continuous at 0, is integrable. 
If E is additionally separable, i.e. E is a Polish space, then this assumption 
can be weakened. 

It is also possible to interpret the continuity assumptions in EUJ El] from 
our "dual" point of view. This yields interesting new results for semigroups with 
such continuity properties. We will discuss these questions in a forthcoming 
paper. 

Notation. If (E, X) is a measurable space, then B\,{E) denotes the space of 
all bounded, measurable functions / : E — > C. This is a Banach space with 
respect to the supremum norm. By A4(E) we denote the space of all complex 
measures on (E, X). The total variation of a measure \i is defined by 

H(A)= sup 

z Bez 

where the supremum is taken over all partitions Z of A into finitely many, 
disjoint, measurable sets. Endowed with the total variation norm ||//|| := \fi\(E), 
the space A4(E) is a Banach space. Now suppose that E is a topological space. 
Then Cb(E) denotes the Banach space of all bounded, continuous functions 
/ : E — > C. The Borel u-algebra of E is denoted by B(E). If we speak 
about measures or measurable functions on a topological space, this is always 
to be understood with respect to the Borel cr-algebra. A positive measure 
fi G M{E) is a Radon measure if fJ-(A) = sup{^(iT) : K C A, K compact} 
for all A E B{E). An arbitrary /i G Ai(E) is called a Radon measure if is a 
Radon measure. We denote the space of all Radon measures on E by M.q{E). 
This is a closed subspace of M(E). By 1^4 we denote the characteristic function 
of a set A. The Dirac measure in a point x is denoted by S x . If E is a metric 
space, then B(x,r) denotes the open ball of radius r centered at x and B(x,r) 
denotes the closure of that ball. If X is a Banach space, then X* denotes the 
norm dual of X and ( • , ■ )^ denotes the canonical duality between X and X*, 
i.e. (x, x*}^ = x*(x). 
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2. Norming Dual Pairs 

Definition 2.1. Let X and Y be nontrivial Banach spaces and ( • , • ) be a 
duality pairing between X and Y . Then (X, Y, ( • , • )) is called a norming dual 
pair, if 

\\x\\ x = sup{|(:r, y)\ : y G Y, \\y\\ Y < 1} 

and 

\\y\\ Y = sup{|(x, y)\ : x G X , \\x\\ x < 1} . 

We will write (X, Y) for a norming dual pair if the duality pairing is under- 
stood. Note that if (X, Y) is a norming dual pair, then so is (Y,X). 

As we have done already in the introduction, we will frequently consider Y as 
a closed subspace of X*, by putting (x , y)^ = (x , y). With this interpretation, 
(X, Y) is a norming dual pair if and only if Y is a closed subspace of X* which 
is norming in the sense of [3]. For Y C X* to be norming for X it is necessary 
that Y is weak*-dense in X* . However, not every weak*-dense, closed subspace 
of X* is norming, see [8]. 

Example 2.2. If X is a Banach space, then (X, X*) (and thus by symmetry 
also (X*,X)) is a norming dual pair with the canonical duality (x , x*)^ := 
x*(x). If X is reflexive, then Y = X* is the only closed subspace of X* such 
that (X, Y) is a norming dual pair. Indeed, if X is reflexive, then the weak 
and the weak* -topologies on X* coincide. Thus ifY C X* is norm-closed, it 
follows from the Hahn-Banach theorem that Y is weakly closed and hence, by 
reflexivity, weak* -closed. Since Y is weak* -dense, it follows that Y = X* . 

Example 2.3. Let (E,Ti) be a measurable space. Then (Bb(E), A4(E)) is a 
norming dual pair with respect to the duality ( • , • ) , given by 

(2.1) (/ ,»):=[ fdp. 

Proof. We clearly have | f f d/j,\ < WfW^ • Considering Dirac measures, we 
obtain WfW^ = sup{|(/, /z)| : fi G M(E) , \\^\\ < 1}. Now let fi G M(E). 
If Z is a partition of E into finitely many, pairwise disjoint, measurable sets, 
then fz '■= ^2a€Z s S n l 1 {^) • 1a is a measurable function of norm at most 1. 
Furthermore, (fz, fJ>) = Y^Aezlf^i-A)]. Taking the supremum over all such 
partitions Z, it follows that (Bb(E),M(E)) is a norming dual pair. □ 

Example 2.4. Let E be a completely regular Hausdorff space. Then, endowed 
with the duality (|2.ip . (Cb(E), A4o(E)) is a norming dual pair. 

For a complete, separable metric space E, the proof of this statement is 
implicitly contained in the proof of Theorem 2.2 of [24]. We give the proof in 
the general case. 

Proof. It suffices to show that \\p\\ > sup{|(/, /z)| : / G C b {E) , WfW^ < 1}. 
Let /i G Aio(E) be fixed and Z = {Ai, . . . , A n } be a finite partition of E into 
measurable sets. As fi is a Radon measure, given e > 0, we find compact sets 
C k C A k for k = 1, . . . ,n such that \n(A k ) - fi( c k)\ < \^\( A k \ C k ) < f • As E 
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is completely regular, there exists a continuous function / : E — > C such that 
H/lloo < 1 and f\ Ck = sgn^(C fc ). We now have 

n „ n „ 

E / /^+E / 

fc=l ^ fc=l ^ A AC*fe 

n n 

it=i fc=i 

n 

> £>(4fe)|-2e. 
fe=i 

As e was arbitrary, YJLi \»(A k )\ < sup{|(/, /i>| : / G C 6 (£) , H/l^ < 1 }. 
Taking the supremum over all such partitions Z of the claim follows. □ 

In the following, we will be interested in locally convex topologies r on X 
which are consistent (with the duality). By this we mean that (X,t)' = Y, i.e. 
every r-continuous linear functional ip on X is of the form (f(x) = (x , y) for 
some y € Y. By the Mackey-Arens theorem, see 21.4 (2)], a consistent 
topology is finer than the weak topology o~(X, Y) and coarser than the Mackey 
topology fj,(X,Y). To simplify notation, we will write a for a(X,Y) and a' for 
the o~(Y, X) topology on Y. We will write — 1 (—*■') to indicate convergence with 
respect to a (a'). We will use the name of a topology as a label or prefix to 
topological notions to indicate that it is to be understood with respect to that 
topology. Without label or prefix, such notions are always understood with 
respect to the norm topology. 

We now characterize bounded subsets in a norming dual pair. 

Proposition 2.5. Let (X, Y) be a norming dual pair and r be a consistent 
topology on X . For a subset M C X, the following are equivalent. 

(i) M is norm-bounded; 

(ii) M is a -bounded; 

(iii) M is r-bounded. 

Proof, (i) (ii). As M is a-bounded iff sup^g^ | (x , y) \ < oo for all y G Y, this 
implication is trivial. (ii) => (i). If M is c-bounded, the uniform boundedness 
principle in Y* implies that sup^g^ ||x|| = sup a . gM ||a;||y-» is bounded. (ii) 
44> (iii). See §20.11 (7) in [19]. " □ 

3. Operators on Norming Dual Pairs 

We now turn to continuous, linear operators on norming dual pairs. If r 
is a locally convex topology on X, we denote the the algebra of r-continuous 
linear operators on X by L(X,t). If t = || • ||, we shortly write L(X) instead 
of L(X, || • ||). For T G L(X, \\ ■ ||), we denote its norm-adjoint by T*. If T G 
L(X,a), then we denote its c-adjoint by T' . 

Proposition 3.1. Let (X,Y) be a norming dual pair. Then T G L(X,a) if 
and only if T G L(X) and T*Y C Y. In this case, T' = T*\y- Furthermore, 

W t \\l(x) = ll T 'llL(y)- 
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Proof. If T is cr-continuous, then T maps u-bounded sets into cr-bounded sets. 
By Proposition 12.51 T is a bounded operator on X, whence T £ L(X). Further- 
more, as T is cr-continuous, it has a cr-adjoint S. But for x £ X and y £ Y we 
have (Tx , y) = {x , Sy) = {x , T*y)^. It follows that T*y = 5y G K, whence 
T* leaves Y invariant. Conversely assume that T £ L(X) and T*Y C Y. 
Then we have {Tx , y) = (x , T*y) for all x G X and y £ Y. Since T*y G Y 
by assumption, it follows that the map x i— > (Tx , y) is cr-continuous. As y was 
arbitrary, T G L(X,a) follows. Finally we have 

II T 'IIl(y) = sup sup I (x, T'y)\ = supsup|(Tx, y) \ = \\T\\ L , X) , 

y x x y 

where all suprema are taken over elements of norm at most 1. □ 

In the study of transition semigroups, one is mainly interested in positive 
contraction operators which are kernel operators, as they give the transition 
probabilities for a Markov process. Let us recall the following definition: 

Definition 3.2. Let (F, S) be a measurable space. A bounded kernel on E is 
a mapping k : E xS — > C such that 

(i) k(x, •) is a complex measure on (E, S) for all x G E; 

(ii) k(-,A) is measurable for all A G E; 

(iii) sup xg £ |fc|(x, £?) < oo. Here, \k\(x, •) is the total variation of k(x, •). 

A linear operator T on a closed subspace X of Bb(E) is called a kernel operator 
(on X) there exists a bounded kernel k on E such that 

(3.1) (Tf)(x)= [ f(y)k(x,dy) , V/ G X . 

Je 

We now prove that for many spaces X C B^E) a kernel operator is the same 
as a cr-continuous operator for the norming dual pair (X, M). We need some 
preparation. 

If S is any set of functions, we denote by a(S) the cr-algebra generated by S, 
i.e. the smallest cr-algebra such that every / G S is measurable with respect to 
this cr-algebra. If S is a Stonean vector lattice, i.e. a vector lattice of functions 
such that if / G S is real then also inf{/, 1} G S, then the system 

£(S) := { A : 3u n G S such that < u n ] 1a pointwise} 

generates cr(S) and is closed under finite intersections, see [H Lemma 39.4]. 

Definition 3.3. Let (E, E) be a measurable space and X C B^E) be a || • Un- 
closed subspace of B^{E) which is a Stonean vector lattice. Further, let -M( ) (E) 
denote either M.{E) or (if E is a completely regular Hausdorff space) M.q{E). 
Then X is called a M.^{E)-transition space for E 1 if 

(i) (X, A4 (o) (-E 1 ) ) is a norming dual pair (with the canonical duality); 

(ii) a{X) = E; 

(iii) There exists a sequence f n £ X such that < /„ | 1 pointwise. 

Example 3.4. For every measurable space (E, E), i/ie space B^{E) is a A4(E)- 
transition space for E . If E is a metric space, then Cb(E) is a Mq(E) -transition 
space for E. Indeed, £{Cb{E)) is the collection of all open F a -sets. However, 
in a metric space, every open set is an F a -set, whence a(Cb(E)) = 13(E). 
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The following is a generalization of Theorem 4.8.1. in |13j . 

Proposition 3.5. Let (E, E) be a measurable space and X be a A4^(E)- 
transition space for E. Denote by a the a(X, M^(E)) -topology. Consider the 
following statements: 

(i) T£L(X,a); 

(ii) T is a kernel operator on X . 

Then (i) => (ii). In this case, T has a unique extension to a kernel operator on 
B b {E). IfM {0) (E) = M(E), then also (ii) => (i). 

Proof, (i) (ii): If T £ L(X,a), then k(x,-) := T'8 X £ M {0) . By defini- 
tion, we have (Tf)(x) = (Tf , 5 X ) = (f , T'5 X ) = J f(y)k(x,dy). Furthermore, 
sup^ \k\(x,E) < \\T\\ < oo. It remains to prove that k(-,A) is measurable for 
any A £ S. Denote the collection of sets A for which this is true by Q. Then 
£(X) C Q. Indeed, if A £ £(X), then there exists a sequence u n £ X with 
< u n | 1a- Now the dominated convergence theorem yields 

k(x, A) = (t A , T'S X ) = lim (u n , T'S X ) = lim(Tu„)(x) . 

Hence k(-,A) is measurable as the pointwise limit of measurable functions. As 
£{X) is closed under finite intersections, Q = X follows if we prove that Q is 
a Dynkin system. By hypothesis, E 6 £(X) C Q. If A G Q, then k(x,A c ) = 
k(x,E) — k(x,A) is measurable, whence A c G Q. Similarly, if A^ is a sequence 
of pairwise disjoint sets in Q, then k(x,\JAk) = ^2 k(x, Ak) for every x G E, 
whence k(x, |J A^) is measurable. It follows that (J A^ G Thus £ is a Dynkin 
system and hence k is a bounded kernel. 

(ii) => (i): By hypothesis, there exists a kernel k such that (|3.1f) holds for 
all f £ X. However, the right hand side of (|3.1|) also defines a bounded linear 
operator on Bb(E) (which we still denote by T). We may also define an operator 
S on M(E) by 

(SfJ,)(A) := [ k(x,A)dfi(x) . 
Je 

It is easy to see that S £ L(M(E)). However, for f = 1a and arbitrary fi, we 
have 

(Tf,fM)= [ k(x,A)dfi = (f,Sfi) . 
Je 

Using linearity and approximation, we see that the above equation holds for 
arbitrary / G Bf ) (E). Hence, T*A4 C M. This implies (i) by Proposition 
EU □ 

4. A Variant of the Pettis Integral 

Definition 4.1. Let (X, Y) be a norming dual pair, (f2, J^, m) a measure space 
and / : fl -> X be a function. Then / is called Y -measurable (Y-integrable), if 
the function to i— > (f(uj),y) is measurable (integrable) for every y £Y. 

We note that if / is y-integrable, then, for any A £ J£", the linear functional 

(4.1) ip A : y >-> / {f(u),y)dm 

J A 
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is norm continuous and hence an element of Y * . The proof is basically the same 
as that of Lemma 1 in Section II. 3 of [9]. 

Definition 4.2. If / is Y-integrable, then the element ipA of Y* is called the 
Y -integral of f over A. We write J.f dm := <pa- If <p>A G X C 1"*, for every 
A G J^", we say that / is Pettis integrable (on (X,Y)). 

In the rest of this paper, the term Pettis integrability is always understood as 
Pettis integrability on some norming dual pair (X,Y). Our main result about 
Pettis integrability is the following: 

Theorem 4.3. Let (X, Y) be a norming dual pair, (Q, J^", m) be a measure space 
and assume that there exists a consistent topology r on X such that (X, r) is 
complete. Then every almost r-separably valued, Y-integrable function f : 0, — > 
X, such that \\f\\ is majorized by an integrable function, is Pettis integrable. 
Here, f is called almost r-separably valued if there exists a null set N and a 
r-separable subspace Xq of X such that /(O \ N) C Xq. 

We state part of the proof as a lemma, since we will also use it independently 
of the theorem. 

Lemma 4.4. Let (X, Y) be a norming dual pair and f : 0, — > X be Y - 
measurable. Suppose that \\f\\ is majorized by an integrable function g. Then 
f is Y-integrable and the Y -integral of f over any A £ & is sequentially a 1 - 
continuous and satisfies the estimate 



(4.2) 



/ dm 



A 



< / g(oj) dm(uj) 

Y* J A 



Proof. As / is Y-measurable and satisfies the estimate | (/(•), y) | < <?(-)||y||, 
it follows that / is y-integrable. Integrating this inequality and taking the 
supremum over y with ||y|| < 1, the estimate (|4.2p follows. Now, let (y n ) be a 
sequence in Y and assume y n — y € Y . Then (/, y n ) — ► (/, y) pointwise on £1. 
By Proposition 12.51 \\y n \\ is bounded, say by M. Hence \(f,y n )\ < M ■ g. Thus 
(pA is sequentially cr'-continuous by the dominated convergence theorem. □ 



Proof of Theorem \4-3\ We assume without loss that the set ./V is empty, oth- 
erwise changing / on a set of measure 0. We may furthermore assume that 
(X, t) is separable. If this is not the case, we replace X by X% := Xq and Y 
by Y/X^. Since || ■ || is finer than r, the space X\ is norm closed and hence a 
Banach space. Furthermore, (Xi,t\x x ) is a complete, locally convex space and, 
as a consequence of the Hahn-Banach theorem, we have {X\,t\x 1 )' = Y/X^. 
By Lemma [4.4| the ^-integral (fA € Y* of / over A is sequentially cr'-continuous. 
In order to finish the proof, we have to show that <pa is cr'-continuous, since 
then cpA € (Y, a')' = X, i.e. / is Pettis integrable. Since (X, r) is complete, 
it suffices to prove that <pa is cr'-continuous on every r-equicontinuous subset 
of Y . This follows from Grothendieck's completeness theorem, see §21.9 (4) 
in [19]. However, since (X,t) is separable, the cr'-topology is metrizable on 
r-equicontinuous subsets of Y, cf §21.9 (5) in [19]. Hence a functional on Y is 
cr'-continuous if and only if it is sequentially cr'-continuous. This finishes the 
proof. □ 
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Remark 4.5. If Y = X* , then the norm topology on X is a complete con- 
sistent topology. In this case, the assumptions that / is X*-measurable and 
almost || • 1 1 -separably valued imply that / is strongly measurable. This is the 
Pettis measurability theorem, see Theorem 2 in II. 1 of [9]. However, in Pettis 
measurability theorem the assumption of X*-measurability can be weakened to 
Y-measurability, see Corollary 4 in II. 1 of [9]. Since we only ask that the range 
of / is almost r-separable in Theorem 14,31 we do not implicitly require that / 
is strongly measurable. 

Example 4.6. Let E be a completely regular Hausdorff space and consider the 
norming dual pair (C{ j (E),A4q(E)). Then, by Section 7.6 of [15], the strict 
topology is a consistent topology on X. It is complete if and only if C{E), the 
space of all continuous functions on E, is complete with respect to the compact- 
open topology, see Section 3.6 of |15j ■ If E is metrizable or locally compact, this 
is certainly the case. 

The following theorem is useful in establishing Pettis integrability. 

Theorem 4.7. Let (Q, m) be a measurable space such that m is a-finite and 
let £ be a generator of & which is closed under finite intersections. Further- 
more, let (X, Y) be a norming dual pair and f : Q — > X be a Y -measurable 
function with the following properties: 

(i) There exists a measurable function g such that \\f\\ < g; 

(ii) There exists a sequence C with m(£l n ) < oo and |J f2 n = 0, 
such that the function g from (i) satisfies gln„ S L 1 (m) for all n £ N; 

(hi) For every A £ £ U {Q n : n £ N} there exists xa £ X such that 



J A 

Then for every measurable function a : Q — > C with \a\g £ L 1 (m) the function 
af is Pettis integrable. 

Proof. By Lemma 14. 4^ af is Y-integrable on Q. It suffices to prove that its 
Y- integral over belongs to X, as we can clearly replace a by a ■ 1a for any 
A £ J?. We proceed in several steps. 
Step 1: Let n £ N be arbitrary and define 



We claim that T> n = ^ . By assumption (iii), £ C V n . Hence the claim follows 
if we prove that T> n is a Dynkin system. Clearly, Q £ T> n and T> n contains 
A c if it contains A. Now let a sequence (A^) of pairwise disjoint sets in T> n 
be given and put A = [J Aj.. It is easy to see that for every iV £ N we have 
Ufc=i Ah £ V n . Define (3n := 1, ,jv , . Then (3n converges pointwise to 1a 
and, using (14. 2ft . we obtain 
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as N — > oo by the dominated convergence theorem. It follows that 
/ tjif dm = \\ ■ || - lim / fl^fdm^X 

as X is norm-closed in Y* . This shows that A G T> n , whence T> n is a Dynkin 
system. This proves the claim. 

Step 2: Now we prove the assertion for a simple function a. By Step 1 and 
linearity, the Y-integral of af over Is an element I n of X . By a dominated 
convergence argument as in Step 1, we see that J^afdm is the norm limit of 
the I n and hence also an element of X. 

Step 3: Now let a be arbitrary. Then there exists a sequence of step functions 
«fc such that \ctk\ < \a\ and at — > a pointwise. By Step 2, J^akfdm G X 
for every k. Appealing to the dominated convergence theorem once more, we 
see that j n akf dm converges in norm to J n af. This implies that J af dm G 

x. "' ~ ! r 

We end this section with the following 

Lemma 4.8. Let (17, J£", m) be a measure space, (X, Y) be a norming dual pair 
and f : £1 — > X be Y -integrable such that f dm € X. Then, for T € L(X, a), 
the function Tf is Y -integrable and we have 

T If dm = I Tf dm . 
Jn Jn 

In particular, J Q Tf dm € X . 

Proof. Let y G Y. Then T'y £ Y since T € L(X,o~). We obtain 

It I f dm , y) = ( fdm,T'y)= / (/ , T'y) dm = (Tf , y) dm . 
\ Jn I \Jn I Jn Jn 

□ 



5. Semigroups and Their Laplace Transforms 

Definition 5.1. Let (X, Y) be a norming dual pair. A semigroup on (X, Y) is 
a family of operators T = (T(t)) t >o C L(X,a) such that T(t + s) = T(t)T(s) 
for all t, s > and T(0) = idx- A semigroup is called exponentially bounded, if 
there exist M > 1 and u £ R such that ||T(t)|| < Me" 1 . In this case, we say 
that T is of type (M,tu). An integrable semigroup is a semigroup of some type 
(M, u) such that for every Re A > uj, there exists R(X) G L(X,a) such that 

/>oo 

(5.1) (R(X)x,y) = / e- A '(T(t)x, j/)tft , 

JO 

for all x G A and y G Y. In particular, we assume that the integrals on the 
right hand side of (|5.ip all exist. The family {R(\))r c \>u is called the Laplace 
transform of T. 

We note that the definition of an integrable semigroup is symmetric, i.e. if 
T is an integrable semigroup on (X,Y), then the u-adjoint semigroup T' is an 
integrable semigroup on ( Y, X) . 
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Lemma 5.2. Let T be a semigroup on the norming dual pair (X, Y). Then 
T is exponentially bounded if and only if sup <j<i < oo. In particular, 

if T is a -continuous at 0, i.e. T(t)x x as t [ for all x G X , then T is 
exponentially bounded. 

Proof. Let us first prove that a-continuity at implies sup < t <i < oo. 

To that end, observe that for any x G X there exists 6 X such that A x := 
{ ||T(t)x|| : < t < 5 X } is bounded. Indeed, if this is wrong, there exists a 
sequence t n I such that \\T(t n )x\\ is unbounded. However, as T(t n )x — ^ x, 
the set {T(t n )x} has to be a-bounded and hence, by Proposition 12.51 norm- 
bounded. A contradition. Now the semigroup law implies that {T(t)x : < 
t < 1} C A x U T(5 X )A X U • • • U T(5 x ) k A x for some k G N. As all operators 
T(t) are bounded, it follows that {T(t)x : < t < 1} is bounded. By the 
uniform boundedness principle, sup 0<4<1 ||T(t)|| =: M < oo. Now let uj = 
logM. For t > split t = n + r for some n G No and r G [0,1). Then 
\\T(t)\\ = \\T(r)T(l) n \\ < Me™ < Me"'. □ 

By definition, an integrable semigroup has a Laplace transform. However, as 
we did not require any continuity of the maps 1 1— > {T(t)x , y), we cannot expect 
the Laplace transform to be injective. In particular, it is in general not the 
resolvent of an operator. Instead, we obtain a pseudoresolvent, cf. [1]. Recall 
that if 0, C C is non empty and X is a Banach space, then a pseudoresolvent 
is a map R : Q — > L(X) such that for A, jj, G ft we have 

(5.2) R(X) - R(n) = {n ~ \)R{\)R{lx) ■ 

In this case, there exists a unique multivalued (m.v. for short) operator A such 
that R{\) = (A — A)^ 1 , see Appendix A in [12]. In this situation, one could call 
A the generator of T. However, we want to reserve this name for the situation 
where (R(\))R e \>u) is injective, i.e. A is single- valued. 

Proposition 5.3. Let T be an integrable semigroup of type (M,u) with Laplace 
transform (R(\))R e \>u • Then 

(i) (-R(A))R e ^ >w is a pseudoresolvent; 

(ii) For Re A > u and k G N we have ||(Re A - u) k R(\) k \\ < M; 
(hi) R{\) commutes with T(t) for every Re A > uj and every t > 0. 

We extract from the proof the following lemma. 

Lemma 5.4. Let T be an integrable semigroup of type (M, uj) and R(X) be 
defined by h5.1\) . Then for all Re A > u and x G X we have 

(5.3) / e- xt T(t)xdt = R{\)x - e' Xh T{h)R{\)x , 
Jo 

where the integral is understood as a Y -integral. In particular, the integral on 
the left hand side belongs to X . 
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Proof. Let x € X and y £ Y be given. Using Lemma 14.81 and the semigroup 
law we obtain 

poo 

-Xt, 



(T(h)R(X)x , y) = / e- M (T(t + h)x,y)dt 



o 

/•OD 

e Xh / e -Ar( T ( r ) X; y ) dr 
Jh 

e Xh f(R(X)x ,V)-J e- Xr (T(r)x , y) dr 



As y was arbitrary, (|5.3p is proved. □ 

Proof of Proposition \5.'J[ (i). Assume that uj < Re fi < Re A. Using Lemma 
and Fubini's theorem, we obtain 

poo 

(p - X)R(X)R(p)x = (p-X) e~ xt T(t)R(ii)xdt 

Jo 

= {p, — A) e^-^ (r(jjl)x - J e'" r T{r)x dr \ dt 

roo roc 

= -R{n)x-{n-X) T{r)e-^ r e^^dtdr 



= R(X)x - R{fx)x . 
This proves that R is a pseudoresolvent. 

(ii). It easily follows from the (|5.2p that R{X) is analytic in A and ^ri?(A) = 
{—l) k k\R{X) k+1 . Interchanging differentiation and integration and using expo- 
nential boundedness, we obtain 



\(R{X) k x,y)\ 



1 



1 



d^ 1 

^(R{\)x,y) 



dX 



OC 



t k ~ 1 e~ xt (T{t)x , x)dt 



< 



— -/ ^-V^^Me^HxH • ||y||dt 



(* 

M 

(ReA-u,) fel|x|1 ' IMI • 
As x and y are arbitrary, (ii) follows, (iii). follows from Lemma 14.81 □ 

We now address the question of whether a semigroup on a norming dual 
pair is uniquely determined by its Laplace transform. Without any further 
assumptions this is not the case, see [23J. We need the following 

Definition 5.5. Let X be a Banach space and M be a subspace of X. A subset 
W C X* is said to separate points in M if for every x 6 M \ {0} there exists 
w £ W with (x , w) ^ 0. A norming dual pair {X, Y) is said to be countably 
separated if there exists a countable subset of X separating points in Y and 
there exists a countable subset of Y separating points in X. 
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Theorem 5.6. Let T, S be integrable semigroups on (X,Y) with Laplace trans- 
forms .Rt(A) = (A — A)~ l = -Rs(A) for sufficiently large A. Then T(t) = S(t) 
for all t > 0, provided one of the following conditions is satisfied: 

(i) D(A) is a-dense in X; 

(ii) (X, Y) is countably separated. 

The proof uses the following lemma which is taken from O Lemma 3.16.5]. 

Lemma 5.7. Let M C (0, oo) be a set of Lebesgue measure and assume that 
t,s M implies t + s £ M. Then M = 0. 

Proof of Theorem 15.61 By assumption, we have 

/'OO f'OO 

/ e' xt {T(t)x, y)dt = e' xt {S(t)x , y) dt 
Jo Jo 

for every A with Re A > max{wr, ws} and arbitrary x £ X and y £ Y. By 

the uniqueness theorem for Laplace transforms (see [H Theorem 1.7.3]), there 

exists a null set N(x, y) such that 

(T(t)x,y) = (S(t)x,y) Vt$N(x,y). 

First assume (i). For x € D(A) = rgi?T(A), say x = Rt(X)z, and arbitrary 
y € Y we have 

(T(t)x , y) = e xt f(x , y) - j e' Xr (T(r)z , y) dr^j 

by Lemma |5.4| whence 1 1— ► (T(t)x , y) is continuous. The same applies to S(t) 
and we find N(x,y) = 0. Thus T(t)x = S(t)x for every t > and x G D(„4). 
However, if the cr-continuous linear operators T(t) and S(t) coincide on the 
cr-dense subspace D(A), then they are equal. 

Now assume that (ii) is satisfied. Let {x n }„ e N C X be a countable subset 
separating points in Y and {y n }neN C Y be a countable subset separating 
points in X. Fix x € X and put iV(ar) = U n6N iV(x, y n ), where N(x,y n ) is the 
null set from above. Then N(x) is a set of measure and we have 

(T(t)x , y n ) = (S(t)x ,y n ) Vt iV(x) , n € N . 

Since {y n } separates points in X, it follows that T(t)x = S(t)x for all t £ N(x). 
In particular, (T{t)x , y) = (S(t)x , y) for all t iV(a;) and all y £ Y. 
Now fix y € Y and put iV = UneN N(x n ). Then iV has measure and for i ^ iV 
and n G N we have 

(x n , T(t)'y) = (T{t)x n , y) = (S(t)x n , y) = (x n , 5(t)'y) . 

As {x n } separates points, it follows that T{t)'y = S(t)'y for all t $ N. Since y 
was arbitrary, we obtain T(t) = S(t) for all t N. Now let M = {t : T(t) ^ 
S(t)}. Then M C N and it follows that M has measure 0. However, if t, s M 
then, by the semigroup law, t + s M. Thus Lemma 15.71 implies M = 0. This 
finishes the proof. □ 

Remark 5.8. The proof of Theorem 15.61 shows that if T and S are cr-continuous, 
or even only a-continuous at 0, then they are equal if they have the same 
Laplace transform. However, if T is cr-continuous at 0, it can be proved that 
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D{A) is cx-dense in X. Thus Theorem 15.61 shows that uniqueness holds already 
if one of the semigroups T or S is assumed to be cr-continuous at 0. 

We now prove a generalization of a well known result from the theory of 
strongly continuous semigroup, cf. [2j Proposition 3.1.9]. All integrals in the 
next Proposition are understood as Y-integrals. 

Proposition 5.9. Let T be an integrable semigroup on (X,Y) and let A be the 
unique m.v. operator such that R(X) = (A — A) -1 . 
(i) The following are equivalent. 

(a) x G D{A) and z G Ax; 

(b) For any t > we have 
rt 

T(s)zds = T{t)x — x . 
ft 



(ii) For x G X and t > we have f T(s)xds £ D{A) and 

T(t)x — x G A j T(s)xds . 
Jo 



Proof, (i). (a) =^ (b): (a) is equivalent to x = R(X)(Xx — z). Now fix t > and 
I/GF. Define the analytic functions /, g : C — > C by 

/(A) := X f e- Xs (T(s)x,y)ds- f e- Xs (T(s)z,y)ds 
Jo Jo 

5 (A) := (x,y)-e- xt (T(t)x,y) . 

By Lemma 15.41 we have /(A) = g(X) for all Re A > u. The uniqueness theorem 
for analytic functions yields /(0) = g(0). As t, x and y were arbitrary, (b) is 
proved. 

(b) (a): If J t Q T{s)zds = T(t)x - x, then 

;>oo 

-Xt 



f C 

x = XR(X)x - XR(X)x + x = XR(X)x - 

Jo 

poo pt 

= XR(X)x- / Xe~ xt / T{s)zdsdt 
Jo Jo 

poo poo 

= XR(X)x- / / Xer xt T{s)zdtds 

Jo Js 

poo 

= XR(X)x- e- Xs T(s)zds = R(X)(Xx-z) . 
Jo 

This is equivalent with x G D(A) and z G Ax. 
(ii). Let y G Y. We have: 
rt rt 
{T(s)x,y)ds = / {T(s)(X- A)R(X)x, y)ds 



Xe~ M (T(t)x - x) dt 



X / (T(s)R(X)x ,y)ds- / (T(s)AR(X)x , y) ds 
Jo Jo 

X [ (T(s)R(X)x ,y)ds + (R(X)x - T(t)R(X)x , y) , 
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where we have used R(X)x G D{A) and part (i) in the last step. Furthermore, 
in slight abuse of notation, we wrote AR{\)x in place of any element in this 
set. Appealing again to part (i), we see that there exists an element xq G X 
(independent of y) such that f (T(s)R(X)x , y) ds = (xq , y). It follows from 

Lemma US] that xo = -R(A) JqT(s)x ds. Plugging this in the above equation, 
we obtain 

J T(s)xds = R(X) ^A J T(s)xds + x -T(t)x\ , 

which is equivalent with (ii). □ 

Theorem 5.10. Let T be a semigroup of type (M, uj) on the norming dual pair 
(X,Y). The following are equivalent: 

(i) T is an integrable semigroup; 

(ii) For every x G X and y G 1" the orbits T(-)x and T{ )'y are locally Pettis 
integrable, i.e. these functions are Pettis integrable on every bounded 
interval (a, b) C (0, oo) 

Proof, (i) => (ii): As a consequence of Proposition 15.91 (ii). f b T(t)x dt G X for 
every x G X and < a < 6 < oo. As such intervals generate the Borel u-algebra 
on (0, oo) and are closed under finite intersections, it follows from Theorem 14.71 
that T(-)x is locally Pettis integrable. Applying the same arguments to T(-)'y 
for every (ii) follows. 

(ii) (i): Fix A with Re A > to. It follows from (ii) and Theorem 14.71 that there 
exists an element R{\)x G X such that R(X)x = J °° e~ xt T(t)x dt. It remains 
to prove that R(X) G L(X,a). It is easy to see that R(X) is linear. Further- 
more, using the exponential boundedness of T and the dominated convergence 
theorem, it follows that -R(A) G L{X). However, arguing similar, it follows 
that there exists V(A) G L(Y) such that V{X)y = / °° e- xt T(t)'y dt. It is easily 
seen that {R(X)x , y) = (x , V(X)y), whence V(A) = R(X)*\y- Proposition 13.11 
implies R(X) G L(X,a). This proves (ii). □ 



6. INTEGRABLE SEMIGROUPS ON (Cf,(E), Mq(E)) 

We now return to the question of integr ability of transition semigroups. As 
we will not use positivity or contractivity, we will consider general semigroups of 
kernel operators. Taking Theorem 13 . 5 1 into account, this is exactly the same as a 
semigroup on the norming dual pair (Bb(E),M(E)). Our first result states that 
measurability and integrability extends from (X, .Mm) (E)) to (B^E), .Mm) (E)) 
if A is a A4( ) (-^-transition space for E. 

Lemma 6.1. Let (f2, J^,m) be a a-finite measure space, (E,Ti) be a measurable 
space and let J\A.cq\{E) denote either A4(E) or (if E is a completely regular 
Hausdorff space) M Q (E). We write a for a(B b (E), M Q (E)). Let T : n -> 
L(Bb(E),a) and X be a M^y transition space for E. 

(i) T(-)f is M(q)(E) -measurable for every f G B^E) if and only ifT(-)f 
is .Mm) (E) -measurable for every f G X. 
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(ii) Assume additionally, that \\T\\ is majorized by an integrable function. 
Then T(-)f is Pettis integrable for every f £ Bb(E) if and only ifT(-)f 
is Pettis integrable for every f £ X . In both cases, Pettis integrability 
means Pettis integrability on (Bb(E), A4^(E)) 

Proof, (i). We only need to prove that A4( )-measur ability of T(-)f for all 
/ £ X implies A4(o)-measurability of T(-)f for all / E Bb(E), the converse 
being trivial. To that end, define 

Q := {^4 E £ : T(-)1a is A-'f(o) -measurable } . 

If 1a = sup/ n for some sequence f n E X, then T(u)f n — v T{uj)f for all 
w 6 (] by the cr-continuity of T(u). Hence, for any /i E M(E), we have 
(T(-)l^ , /x) = lim(T(-)/ n , fj,}. This proves that (T(-)l^ , /i) is measurable. It 
follows that £ (X) C £/. It is easy to see that Q is a Dynkin system, whence 
Q = E. It now follows from linearity that T(-)f is .M(o) -measurable for any 
simple function /. Approximating an arbitrary function by a sequence of simple 
functions and using the cr-continuity of the operators T(-) again, the assertion 
follows. 

(ii). The A4( )-measurability of T(-)f for all / E B b (E) follows from (i). To 
prove Pettis integrability, we proceed as in (i). Define 

Q := {A G S : T(-)l A is Pettis integrable} . 

If 1a = sup/ n for a sequence f n E X, then we see, similar as in the proof of 
Theorem 14.71 that for any S £ & the limit gs ■= lfm J s T{uj)f n dm(uj) exists 
in the norm sense. In particular, g$ £ Bb(E). It follows from the dominated 
convergence theorem, that J s T(u)1a dm(u>) = gs- This proves that £(X) C Q. 
The rest of the proof is similar as in (1). □ 

We now consider the situation of semigroups of kernel operators on Cb(E). 
We have 

Theorem 6.2. Let E be a complete metric space. Then every semigroup on 
(Cb(E), A4o(E)) which is a-continuous at is integrable. 

Proof. By Lemma l5.2[ the semigroup T is exponentially bounded, say of type 
(M,u). ' 

Claim T. We prove that for every / £ Cb(E) the orbit T{ )f is locally Pettis in- 
tegrable. Fix / £ Cb{E). As every operator T(t) is cr-continuous, the semigroup 
law and the cr-continuity at imply that t \— » {T(t)f , fi) is right continuous for 
every fi £ A4q. In particular, the orbit T(-)f is A / (o- measura ble. Furthermore, 
by right continuity the range of this function is cr-separable and hence, as a 
consequence of the Hahn-Banach theorem, separable with respect to any con- 
sistent topology. Since there exists a complete, consistent topology on Cb(E), 
see Example I4.6| local Pettis integrability of T(-)/ follows from Theorem 14.31 
Claim 2: We prove that for every fj, £ Aio(E) the orbit T(-)'/j is locally Pettis 
integrable. Fix fi £ M.q{E). As Cb(E) is a A^o-transition space for E, every 
T(t) is a kernel operator by Proposition 13.51 In particular, it has a unique 
extension to an operator T(t) £ L(Bb(E),o~). We thus infer from Lemma 16.11 
(i), that th^ (/ , T(t)'n) = (f(t)/,/i) is measurable for every / £ B b (E). Now 
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let S C [0, oo) be a bounded interval. By Lemma B~H <p(f) := J s (f , T(b)' p) dt 
exists as a B^{E) -integral and is sequentially a(M, l?fc)-continuous. If we put 
p(A) = ip(1a), then it follows from sequential continuity that p is a measure. 
Clearly <p(f) = J s f dp. It remains to prove that p E M.q{E). Since i? is a 
complete metric space, a measure on is a Radon measure if and only if it has 
separable support. By assumption, the measure T(t)'p is a Radon measure for 
every t E S, whence we find a separable set E t such that T(t)'p(A) = for all 
A C E \ E~ t . Define 

Eq : = E r . 

Then £o is a separable set. We claim that p is supported in Eq. Let ^4 C E\Eq 
be an open set. Then A is an i^-set, say A = (J for an increasing sequence 
of closed sets. By Tieze's extension theorem, there exist functions f n such that 
f\p n = 1 whereas /\a c = 0. By right continuity of the paths we obtain 

/ f n dT{t)'p={f n ,T{t)'p) = lim </„ , T(r)'p) = , 

Je rlt.reQ 

for all n G N. Integrating over S yields f s (f n , T(t)'p)dt = 0. Now the domi- 
nated convergence theorem implies that p(A) = linin^oo j s {f n , T(t)'p)dt = 0. 
This proves that p is supported in Eq and is hence a Radon measure. Thus 
Claim 2 is proved. 

Now the statement follows from Theorem 15.101 □ 

In applications to transition semigroups, the assumption that a semigroup 
on the norming dual pair (Cb(E), M.(E)) is u-continuous at is easy to verify. 
Indeed, this merely means that for every / € Cf, we have T(t) — > / pointwise 
as t I 0. In Theorem 16.21 this assumption was (amongst others) used to prove 
that the orbits of T have <7-separable range. If E is a Polish space, then this is 
automatic. 

Theorem 6.3. Let (E, B{E)) be a separable metric space equipped with its Borel 
a-algebra. Then the norming dual pair (Cb(E) , A4q(E)) is countably separated. 

Proof. Let D := {x m : m E N} be a countable, dense subset of E. Then 
{5 Xm : m E N} C M.q(E) separates points in Cb{E) as continuous functions 
which agree on a dense subset are equal. To find a sequence in Cb(E) which 
separates points in A4q(E), we proceed as follows. For n, m E N, choose /„ im E 
Cb(E) such that 

%(x m ,^ T ) < fn,m < lB(x ra ,i)« • 

If J C N is a finite subset, we put f n> j := max{/ ni?n : m E J} and define 

M := : n E N, J C N finite} . 

Then M is a countable set. We claim that M separates points in M.q(E). To 
that end, let p E M.q(E) satisfy J f dp = for all / E M. We have to prove 
that p = 0. Since /i is a Radon measure, it suffices to prove that p(K) = 
for all compact sets K. So let a compact set K ^ be given. As D is dense 
in E, the set K is covered by {B{x m , (n + : m E N} for every n E N. 

Since K is compact, there exist mi,...,m^ such that if is already covered 
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by B n := {B(x mi , (n + : i = 1, • • • , k n }. We may assume without loss 

that every ball in B n intersects K. Define f n := fn,{m ly ..,m k } € M. Then /„ 
is a bounded sequence which converges pointwise to Ik- As J f n dfj, = by 
assumption, the dominated convergence theorem yields /J-(K) = ]im f n dfi = 0. 
As K was arbitrary, [i = 0. □ 

Corollary 6.4. Lei (E,B(E)) be a separable metric space and (T(t))t>o an d 
(S(t))t>o be integrable semigroups on (Cb(E), A4o(E)). If T and S have the 
same Laplace transform, then T(t) = S(t) for all t > 0. 

Proof. This follows immediately from Theorems 15.61 and 16.31 □ 

Corollary 6.5. Let (O, S, m) be a a-finite measure space and E be a Polish 
space. If F : £1 —> Cb(E) is A4(E) -measurable and \\F\\ is majorized by an 
integrable function, then F is Pettis integrable on (Cb(E), M(E)). If T is an 
exponentially bounded semigroup on (Cb(E),M(E)) such that t \— ► (T(t)f , fi) 
is measurable for all f € Cf,(E) and [i G A4(E), then T is integrable. 

Proof. The first statement follows from Theorem 16.31 and Theorem 14.31 The 
second statement follows by reworking the proof of Theorem 16.21 using the first 
part in the proof of Claim 1. Note that on a Polish space we have A4(E) = 
M (E). □ 
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